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LINEAR DIFFERENTIAL EQUATIONS 

Robert  E. C m i n g s  and Lyle R. Dickey 

George C. Marsha l l  Space F l i g h t  Center 

H u n t s v i l l e ,  Alabama 

ABSTRACT 

A p r a c t i c a l  method of ob ta in ing  an e x p l i c i t  s o l u t i o n  t o  an inhomoge- 
neous sys tem of l i n e a r  d i f f e r e t i t i a l  e q u a t i o n s  w i t h  c o n s t a n t  c o e f f i c i e n t s  
is  desc r ibed .  
on h i g h  speed  d i g i t a l  computers and is p a r t i c u l a r l y  e f f i c i e n t  when a 
l a r g e  number of s o l u t i o n s  are  d e s i r e d  f o r  t h e  same s e t  of equa t ions  w i t h  
d i f f e r e n t  i n i t i a l  c o n d i t i o n s  ‘and f o r c i n g  f u n c t i o n s .  
o f t e n  a r i s e s  when l a r g e  eigenvalues  a r e  p r e s e n t  is  overcome by a unique 
f e a t u r e .  The s o l u t i o n  is obta ined  f o r  a n  e x c e p t i o n a l l y  small i n t e g r a t i o n  
s t e p  and a p rocess  is d e s c r i b e d  whereby t h e  s t e p  can be  doubled. Succes- 
s i v e  a p p l i c a t i o n s  of t h i s  process  p rov ide  a s o l u t i o n  over  a n  i n t e r v a l  
which i n c r e a s e s  e x p o n e n t i a l l y  i n  s i z e  w i t h  each  s t e p  whereas t h e  work 
involved i n c r e a s e s  on ly  i n  a l i n e a r  f a s h i o n .  This  is p a r t i c u l a r l y  
advantageous s i n c e  s t a n d a r d  techniques r e q u i r e  t h a t  s p e c i a l  p r o v i s i o n s  
must be  made f o r  any system which has e x c e p t i o n a l l y  l a r g e  e igenva lues .  

The method is r e a d i l y  adaptab1,e t o  s o l v i n g  l a r g e  systems 

The problem t h a t  
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AN EXPLICIT SOLUTION FOR LARGE SYSTEMS OF 
LINEAR DIFFERENTIAL EQUATIONS 

SUMMARY 

A p r a c t i c a l  method of ob ta in ing  a n  e x p l i c i t  s o l u t i o n  t o  a n  inhomoge- 
neous sys tem of l i n e a r  d i f f e r e n t i a l  equa t ions  w i t h  c o n s t a n t  c o e f f i c i e n t s  
is desc r ibed .  The method is r e a d i l y  a d a p t a b l e  t o  s o l v i n g  l a r g e  systems 
of equa t ions  con ta in ing  l a r g e  e igenvalues .  The s o l u t i o n  is  f i r s t  ob ta ined  
a t  a s m a l l  i n t e r v a l .  A process  is d e s c r i b e d  which y i e l d s  t h e  s o l u t i o n  a t  
twice t h i s  i n t e r v a l  by s e v e r a l  m a t r i x  o p e r a t i o n s .  Success ive  a p p l i c a t i o n s  
of t h i s  opera t i o n  i n c r e a s e  t h e  i n t e r v a l  e x p o n e n t i a l l y  wh i l e  t h e  number of 
o p e r a t i o n s  r e q u i r e d  i n c r e a s e s  l i n e a r l y .  It  is  f e a s i b l e  t o  choose a n  
e x c e p t i o n a l l y  sma l l  i n t e r v a l  i n i t i a l l y  and thus  avoid  t h e  u s u a l  problems 
a s s o c i a t e d  w i t h  l a r g e  e igenvalues .  The s o l u t i o n  is expressed  e x p l i c i t l y  
a s  a f u n c t i o n  of i n i t i a l  condi t ions  and u n s p e c i f i e d  parameters  f o r  a 
l a r g e  c l a s s  of f o r c i n g  f u n c t i o n s .  

I. INTRODUCTION 

A g r e a t  amount of e f f o r t  and computer t i m e  i s  f r e q u e n t l y  r e q u i r e d  
t o  determine s o l u t i o n s  t o  a g iven  s e t  of d i f f e r e n t i a l  e q u a t i o n s  f o r  a 

t h e s e  d i f f e r e n t i a l  equa t ions ,  a l a r g e  number a r e  o r  can be r e p r e s e n t e d  by 
a s e t  o f  l i n e a r  d i f f e r e n t i a l  equat ions .  For a r a t h e r  l a r g e  c l a s s  of 
f o r c i n g  f u n c t i o n s ,  t hese  equat ions can be  so lved  e x p l i c i t l y  a s  a l i n e a r  
combinat ion of i n i t i a l  condi t ions  and f o r c i n g  f u n c t i o n  parameters .  A 
s p e c i f i c  s o l u t i o n  i s  then  reduced t o  e v a l u a t i n g  t h e  inne r  p roduc t  of  two 
v e c t o r s  f o r  any g i v e n  v a r i a b l e  a t  a p r e s p e c i f i e d  t ime. Such an  e x p l i c i t  
s o l u t i o n  p e r m i t s  r a p i d  eva lua t ion  of l a r g e  s t a t i s t i c a l  samples of  i n i t i a l  
c o n d i t i o n s  and f o r c i n g  func t ions  i n  a d d i t i o n  t o  p rov id ing  c o n s i d e r a b l e  
i d d i t i n n a l  i n s i g h t  i n t o  t h e  problem. A s  a f i r s t  s t e p  i n  t h i s  d i r e c t i o n ,  
t h i s  paper  p r e s e n t s  a s o l u t i o n  f o r  t h e  s p e c i a l  ca se  where t h e  c o e f f i c i e n t s  
o f  t h e  sys tem a r e  c o n s t a n t .  

. l a r g e  number of d i f f e r e n t  i n i t i a l  c o n d i t i o n s  and f o r c i n g  f u n c t i o n s .  Of 
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where 

00 
n 

(3 )  A(t-2) - - A n ( t  - T) e L n! 
n=O 

The problem of s o l v i n g  t h e  system d e f i n e d  by equa t ion  (1) is thus 
reduced t o  e v a l u a t i n g  t h i s  series and performing t h e  i n t e g r a t i o n  
i n d i c a t e d  i n  equa t ion  (2) .  

111. EXPLICIT DECOMPOSITION OF THE FORCING FUNCTION 

To e v a l u a t e  t h e  i n t e g r a l  of e q u a t i o n  (2)  e x p l i c i t l y  as a l i n e a r  
combination of parameters which c h a r a c t e r i z e  t h e  f o r c i n g  f u n c t i o n ,  we 
may, w i t h  no lo s s  of g e n e r a l i t y ,  write 

F ( t )  = 2 Fi f i ( t ) ,  

i = O  

2 

L 

11. GENERAL SOLUTION FOR CONSTANT COEFFICIENTS 

I n  m a t r i x  n o t a t i o n ,  a c o n s t a n t  c o e f f i c i e n t ,  l i n e a r  sys tem of 
d i f f e r e n t i a l  equa t ions  can always be expressed  i n  t h e  fo l lowing  form: 

I = AX + F ( t )  (1) 

where X, X and F ( t )  are v e c t o r s  and A is a matrix of c o n s t a n t  coef-  
f i c i e n t s  . 

This equa t ion  has t h e  fo l lowing  s o l u t i o n  (Reference 1, p. 169):  

t 

+ f 
J 
t0  

( 4 )  



where t h e  F i  are  c o n s t a n t  v e c t o r s  and t h e  f i ( t )  are s c a l a r  v a r i a b l e s .  
To proceed f u r t h e r  toward a n  e x p l i c i t  s o l u t i o n ,  c o n s i d e r  

t 

t- s 

It w i l l  b e  assumed t h a t ,  over  the i n t e r v a l  s ,  t h e  s c a l a r  v a r i a b l e  
f i ( t )  is a n  element of t h e  s e t  of a l l  f u n c t i o n s  which can be w r i t t e n  
as a l i n e a r  combination of m + 1 b a s i s  f u n c t i o n s  which are t o  be 
s p e c i f i e d .  The c o e f f i c i e n t s  of  the b a s i s  f u n c t i o n s  are t h e  param- 
eters of t h e  s e t  of f o r c i n g  func t ions  and are t o  be  l e f t  a r b i t r a r y  f o r  
p r e s e n t  purposes.  Thus, we may write 

f . ( t ) '  = G ( t )  Bi, (5) 
1 

where 

is a v e c t o r  whose components a r e  t h e  b a s i s  f u n c t i o n s  and 

Bi - -1-1 
is a v e c t o r  whose components a r e  parameters  which are independent of 
t h e  v a r i a b l e  of i a t s g r a t l o n .  T h ~ s ,  we have 

3 



This decomposition of t h e  f o r c i n g  f u n c t i o n s  a l lows  the  n e c e s s a r y  i n t e -  
g r a t i o n  t o  be performed independent of t h e  parameters  of  t h e  f o r c i n g  
f u n c t i o n  and, t h e r e f o r e ,  y i e l d s  t h e  r e s u l t  e x p l i c i t l y  as a f u n c t i o n  of 
t h e s e  parameters.  

I IV. EXPONENTIAL EXPANSION OF THE INTEGRATION INTERVAL 

The series i n  equa t ion  (3) can be e f f e c t i v e l y  e v a l u a t e d  by t ak ing  
advantage  of t h e  impor tan t  p r o p e r t y ,  

e A t ,  .At, = e A ( t l + t 2 >  
Y 

f o r  which a proof appears  i n  Reference  1. 

I n  p a r t i c u l a r ,  i t  may be  noted  t h a t  i f  t l  = t, = 6 t ,  

Thus, i f  t h e  s e r i e s  i n  equa t ion  (3) is e v a l u a t e d  a t  6 t ,  i t s  v a l u e  a t  
26 t  can be  determined by s imply  s q u a r i n g  the  m a t r i x  ob ta ined  f o r  6 t .  
This can b e  extended t o  2k 6 t  by k m a t r i x  m u l t i p l i c a t i o n s .  

The i n t e g r a l  of equa t ion  ( 6 )  over a n  i n t e r v a l  26t  can be  expressed  
as fo l lows  f o r  each v a l u e  of i: 

This i n t e g r a l  can then be expressed  as a sum of two i n t e g r a l s .  

4 



c 

t t - 6 t  

Fi G(z) d z  s e  eA(t-T) Fi G ( T )  dT = 

t - 2 8 t  t - 2 8 t  

+ f e  Fi G(z) d7. 

t - 6 t  

A t r a n s f o r m a t i o n  on t h e  v a r i a b l e  of i n t e g r a t i o n  of t h e  f i r s t  of t h e s e  
i n t e g r a l s  y i e l d s  

t- 8t 

eA(t-‘) F.  G ( T )  d.c = f ’ eA(t-*Gt) Fi G ( T  - 6 t )  dz  
1 

t -26 t  t-6t  

t -s t 

The p r o p e r t y  d e s c r i b e d  i n  equat ion  (7)  imp l i e s  t h a t  

e A ( t - + G t )  = .A6t ,A(t-T) 

Furthermore,  it w i l l  b e  r e q u i r e d  t h a t  t h e  b a s i s  f u n c t i o n s  G ( t )  have the 
fo l lowing  p rope r ty :  

5 



Then , 

t t 

Fi G ( T )  dT T( -6 t )  1 Fi G ( T )  d.r = e 

t -26 t  s e  t-6t  

( 9 )  

This  r e s u l t  shows t h a t  t h e  i n t e g r a l  over  26 t  can be determined by two 
m a t r i x  m u l t i p l i c a t i o n s  and one m a t r i x  a d d i t i o n  provided  on ly  t h a t  t h e  
i n t e g r a l  be known over  6 t ,  t h a t  eA6t is known and t h a t  T ( -6 t )  is de f ined .  
Choosing f i ( t )  t o  b e  polynomials provides  the  fo l lowing  d e f i n i t i o n s :  

j 
g j ( t )  = t , j = 0, 1, ..., m. 

1 6 

0 

1 

6t  

0 ... 
0 ... 
1 ... 

... 

... ... 
m-2 m-2 

(m-2) Elt ... 



I n  o r d e r  t o  e v a l u a t e  the  i n t e g r a l  r e q u i r e d  i n  e q u a t i o n  ( 9 ) ,  we g e t  
from equa t ion  (6)  t h a t  

t t 

A ( t - z )  Fi f i ( a )  d z  = 1 Fi G(z) d z  Biy 0 5 6 t  5 s .  J e  
t- 6 t  t - 6 t  

Le t  T' = t - T be a change of v a r i a b l e  of i n t e g r a t i o n .  Then 

1 Fi G(T) d 7  Bi = 7 e*'' FiG(t - z ' )  dT' Bi 

t-6t 0 

= eAz' Fi G(-z ' )  dz '  T ( t )  Bi 
0 

by us ing  equa t ion  (8). Now de f in ing  

(- 1 Im . .- . 0 0 0 . . .  . . .  . . .  . .  

. . .  -1 0 0 

. . .  0 1 0 

~~ . a *  0 : : :  0 -1 

I i k  = 

. . .  0 0 0 l o  

I+: = O ,  i # j  
lj 

i . e .  

m+l-  i 
= (-1) i =  j 

7 



g i v e s  

Thus, we have 

t 8t  

t- 6 t  0 

where 

Bellman [ l ]  proved t h a t  t he  s e r i e s  of e q u a t i o n  (3 )  is uni formly  
convergent  i n  any f i n i t e  i n t e r v a l  (0,  t - 4). Furthermore,  a s u f f i c i e n t l y  
sma l l  i n t e r v a l  ( 0 ,  Gt) ,  where 0 < 8t  s s can be  s p e c i f i e d  such  t h a t  t h e  
m a t r i x  s e r i e s  d e f i n i n g  eAst and P i ( & t )  can be e v a l u a t e d  w i t h  n e g l i g i b l e  
e r r o r  by a small number of terms. 

With P i ( 8 t )  eva lua ted  we  have 

L 
L 

t- 6 t  

8 



S u b s t i t u t i n g  t h i s  r e s u l t  i n t o  equat ion  (9)  g ives  

FiG(z) d z  Bi = If:T(t) T( -6 t )  + Pi(Gt) I"T(t)  

t - 2 g t  

This may be s i m p l i f i e d  by proving 

If; T ( t )  T ( -&t )  = T(8t )  I;';T(t), 

From equa t ion  (8) we g e t  

G(-T ' )  = G ( T ' )  If: 

f o r  any T' . Thus, 

b u t  a l s o  

9 



Theref  o r e ,  

Thus, 

I"T(t) T ( -&t )  = I;':T(-&t) T ( t )  = T ( 6 t )  I ' ;T(t)  

which e s t a b l i s h e s  e q u a t i o n  (12) .  

Using t h i s  g i v e s  

t 

= {eAgt P . ( 6 t )  T ( g t )  + Pi(Gt) 
1 

FiG(a) d.r Bi ,i 
t -26 t  

provided only t h a t  0 < 2gt  5 S .  

Thus, given the  i n t e g r a l  by equa t ion  (11) over  a n  i n t e r v a l  E t ,  
equa t ion  (13) shows t h a t  t h e  i n t e r v a l  can be  doubled b two m a t r i x  
m u l t i p l i c a t i o n s  and one a d d i t i o n  and r e q u i r i n g  on ly  eA t ,  Pi(Gt) ,  and 
T(g t )  a l l  of which a r e  a v a i l a b l e .  

75 

Thus, the i n t e g r a l  of equa t ion  (2) can be e v a l u a t e d  e x p l i c i t l y  a s  
a l i n e a r  combination of t he  c o e f f i c i e n t s  of an  a r b i t r a r y  polynomial of 
degree  l e s s  than o r  equal  t o  m. This  can be  accomplished f o r  a p o i n t  
to + At (where At = 2k 6t 5 s )  by 4k m a t r i x  m u l t i p l i c a t i o n s  and k m a t r i x  
a d d i t i o n s  This r e s u l t s  i n  the  i n t e g r a t i o n  i n t e r v a l  be ing  expanded 
e x p o n e n t i a l l y  whi le  t h e  computer t ime i n c r e a s e s  on ly  l i n e a r l y .  
exponen t i a l  expansion of t he  i n t e g r a  t i o n  i n t e r v a l  t hen  g i v e s  us 

This  

e 
L 

10 

FiG(.r) d.r Bi = Pi(At) I;kT(t) Bi. s e  
t -at 



V. SOLUTION AT EVENLY SPACED POINTS 

Given t h e  i n i t i a l  c o n d i t i o n s  a t  t ime to, the  above r e s u l t s  can be 
employed t o  e f f i c i e n t l y  o b t a i n  the  e x p l i c i t  s o l u t i o n  a t  l a t e r  t i m e s .  
From equa t ions  ( 2 ) ,  (4 ) ,  and (5) we have 

to+at  

X ( t 0  + At> = e F i G ( ~ )  dT Bi, 

i to 

by e q u a t i o n  (14) ,  

and by e q u a t i o n  (12) ’  

\ I  Ant 
X ( t o  + At) = e X(to) + ) Pi(At)T(-At) WT( t0 )  Bi. 

i 

Def in ing  

i’ zio = I;’:T(to) B 

w e  have 

11 



Now d e f i n i n g  

g i v e s  

AAt X ( t o  + At) = e 

i 

Thus, we have t h e  response  a t  t = to + At a s  a l i n e a r  - combinat ion of  
i n i t i a l  cond i t ions  a t  t = to and the parameters  B i o  which c h a r a c t e r i z e  
the  f o r c i n g  func t ions  i n  the i n t e r v a l  to 5 t $ to + At. 

More g e n e r a l l y  we g e t  from equa t ion  (15) f o r  kAt i s ,  

X(to) + Pi(kAt) T(-kAt) W T ( t 0 )  Bi  
Aknt 

X ( t o  + k n t )  = e 

i 

X ( t o  + k n t )  = e Aknt X(to) + F m i ( k n t )  Bio, k = 1, 2 ,  3 ,  .... (17)  

However, by w r i t i n g  to + k n t  = to + (k - 1) At + 
from equa t ions  ( 1 4 )  and (15) 

At ,  we g e t  s i m i l a r l y  

x ( t o  + k n t )  = eAAt x [ t o  + (k - 1) nt] + c P . ( A t )  1 I;':T(t, + kAt) Bi 

i 

AAt X ( t o  + k n t )  = e X [ t o  + (k - 1) At]  + x m i ( A t )  T[- (k - 1) At]  I ; t T ( t o )  Bi  

i 

X(to + k n t )  = e AAt X [ t o  + (k  - 1) At]  + Fmi(nt) T [ -  (k - 1) At]  Eio .  
_I 

i 

1 2  



But by equa t ion  (17)  

i o  
X(to)  + 7 m [ ( k  - l ) n t ]  E 

i 
A (k- 1 ) At X[to + (k - 1) n t ]  = e 

-? 

which w i t h  e q u a t i o n  (18) and equat ion  (7)  g i v e s  

AkAt x ( t o )  + I e A A t  m [ ( k  - 1) ~ t l  gio x ( t o  + kAt) = e 
i 

i 

= e  AkAt X( to )  + 1{eAat mi[(k - 1 ) A t l  + mi(At) T [ - ( k - l ) A t ]  

i 

Comparing t h i s  r e s u l t  w i t h  equat ion  ( 1 7 )  shows 

where 

Thus, equa t ion  (17)  g i v e s  the  s o l u t i o n  a t  s u c c e s s i v e  even ly  spaced p o i n t s  
by us ing  the  r e c u r s i v e  r e l a t i o n  of e q u a t i o n  (19) .  This r e q u i r e s  on ly  
.Ant, mi(At) and T(-At) a l l  of which have been p r e v i o u s l y  determined. 
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Equation (17)  g i v e s  t h e  s o l u t i o n  a t  any p o i n t  to + k a t  f o r  which 
I k 5 k,, where k, i s  the  l a r g e s t  v a l u e  of k f o r  which t h e  f o r c i n g  func- 

t i o n s  a r e  desc r ibed  by the  same v e c t o r  B i  of e q u a t i o n  (5) .  

I f  more g e n e r a l l y  we have 

I then by equat ion  ( 1 7 )  

Thus 

i 
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s 

By u s i n g  t h e  r e c u r s i v e  r e l a t i o n s  of e q u a t i o n  (19)  we g e t  t h e  s o l u t i o n  
a t  s u c c e s s i v e  evenly  spaced p o i n t s  e x p l i c i t l y  a s  a l i n e a r  combinat ion 
of i n i t i a l  c o n d i t i o n s  and the  vec to r s  E i o  and E i ,  which d e s c r i b e  t h e  
f o r c i n g  f u n c t i o n s .  

V I .  INTERPOLATING POLYNOMIALS 

The use  of polynomials which a re  d e f i n e d  d i f f e r e n t l y  over  d i f f e r e n t  
i n t e r v a l s  adds cons ide rab ly  t o  t h e  number of parameters  t h a t  appear  i n  
t h e  s o l u t i o n .  For s i m p l i c i t y  of n o t a t i o n  i t  w i l l  b e  assumed t h a t  t h e  
same polynomial f o r  f i ( t )  a p p l i e s  throughout  a n  i n t e r v a l  klAt b u t  d i f f e r s  
from one such  i n t e r v a l  t o  t h e  next .  The change i n  d e f i n i t i o n  of  t h e  
polynomial f o r  f i ( t )  t hen  is a t  a p o i n t  a t  which a s o l u t i o n  is ob ta ined .  
Furthermore,  i t  w i l l  be  assumed t h a t  i n  each a d j o i n i n g  i n t e r v a l  of l e n g t h  
klAt each f o r c i n g  f u n c t i o n  f i ( t )  is r e p r e s e n t e d  by a n  i n t e r p o l a t i o n  
scheme whereby t h e  c o e f f i c i e n t s  of t h e  polynomials  a r e  a l i n e a r  combina- 
t i o n  of  s e v e r a l  d i s c r e t e  v a l u e s  of f i ( t ) .  
t h e  d i s c r e t e  va lues  of  f i ( t )  t o  be used.  Gene ra l i z ing  equa t ion  (20)  
g i v e s  

L e t  f?  be the  v e c t o r  of a l l  

f i ( t )  = G ( t )  Bijy to + j k ln t  5 t 5 to + ( j  + 1 )  klAt 

(23)  

where t h e  v e c t o r  B i j  which desc r ibes  t h e  i n t e r p o l a t i o n  scheme is  now 
g i v e n  by 

where B;j is a m a t r i x  of cons t an t s  d e f i n i n g  t h e  i n t e r p o l a t i o n  scheme, 
S i m i l a r l y ,  from e q u a t i o n  (21), we g e n e r a l i z e  t o  g e t  

Thus, from e q u a t i o n  ( 2 4 )  

15 



Now de f in ing  

= WT(t0  + jk,At) B'ij 

g i v e s  

- 
B i j  = fl. 

Thus, from equa t ion  (28) and equa t ion  (17) ,  we g e t  

-7- 

X(to)  + F m i ( k a t )  ETo f l y  f o r  k = 1, 2 ,  ... k,. AkAt 
X(to + k a t )  = e 

2 

i 

From equat ion  (22))  we g e t  

- .J. 
X[to + (k, + k ) ~ t ]  = e A(k,+k)At X(to) + 1 mi(k,At) B i o  

> i 

where 

M?[(k,+k)At] = e AkAt mi(klAt) E:o + mi(kAt) E:,. 
1 

Continuing t h i s  process  , we g e t  

A ( j k ,+k)At X( to)  + FMi![(jkl  + k) i \ t ]  f" i 
1 

x [ t o  + ( j k ,  + k)r \ t l  = e 
.-J 

L 
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4 

where 

I ’  

M;[(jkl + k ) ~ ]  = e Aknt M:(jklAt) + mi(kAt) k = 1, 2 ,  ... k l  

j = 0 ,  1, 2 ,  ... 
( 3 3 )  

and 

the n u l l  m a t r i x ,  Thus, we have i n  gene ra l  

where f: is the  v e c t o r  of a l l  the d i s c r e t e  v a l u e s  of f i ( t )  r e q u i r e d  by 
t h e  i n t e r p o l a t i o n  scheme t o  r e p r e s e n t  t h e  f o r c i n g  f u n c t i o n s  over  t h e  
range  to t o  t N  where t N  is the l a s t  p o i n t  f o r  which a s o l u t i o n  i s  
r e q u i r e d .  This is the  d e s i r e d  gene ra l  e x p l i c i t  s o l u t i o n ,  

V I I ,  CONCLUSIONS 

The method j u s t  desc r ibed  i s  p a r t i c u l a r l y  a p p l i c a b l e  t o  s t a t i s t i c a l  
s t u d i e s  r e q u i r i n g  a l a r g e  number of s o l u t i o n s  t o  t h e  same d i f f e r e n t i a l  
equa t ions  w i t h  d i f f e r e n t  i n i t i a l  c o n d i t i o n s  and f o r c i n g  f u n c t i o n s .  It 
shou ld  be n o t i c e d ,  however, t h a t  t h i s  is  no t  the  on ly  advantage .  Of 
p a r t i c u l a r  i n t e r e s t  is  the  manner i n  which the  s i z e  of the  i n t e g r a t i o n  
s t e p  is i n c r e a s e d ,  Whereas most techniques  i n c r e a s e  the i n t e g r a t i o n  s t e p  
i n  d i r e c t  p r o p o r t i o n  t o  the  work r e q u i r e d ,  t h i s  technique  i n c r e a s e s  t h e  
s t e p  s i z e  e x p o n e n t i a l l y  wh i l e  the number of o p e r a t i o n s  r e q u i r e d  i n c r e a s e s  
l i i i ear?y .  This is  ex t remely  important i n  systems t h a t  c o n t a i n  l a r g e  e igen-  
v a l u e s .  I n  many such  c a s e s ,  e x p l i c i t  s o l u t i o n s  c a ~ i  be obta ined  vhere the 
t ime r e q u i r e d  by s t a n d a r d  techniques would p r a c t i c a l l y  p r o h i b i t  a s o l u -  
t i o n .  The employment of t h i s  technique can be used t o  reduce  computer 
t ime r e q u i r e d  f o r  a l a r g e  number of s o l u t i o n s  o r  tremendously i n c r e a s e  
t h e  number of s o l u t i o n s  t h a t  can be ob ta ined  i n  the  same time. 
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I n  a d d i t i o n  t o  t h e  a c t u a l  s o l u t i o n s  ob ta ined ,  t h e  e x p l i c i t  s o l u -  
t i o n  i t s e l f  p rovides  c o n s i d e r a b l e  i n s i g h t ,  E s s e n t i a l l y  i t  g i v e s  a l l  
t h e  t rade-of f  f a c t o r s  s imul t aneous ly  and t h e  e f f e c t  o f  changes i n  t h e  
v a l u e  of the  i n i t i a l  c o n d i t i o n  o r  f o r c i n g  f u n c t i o n  is appa ren t  and 
immediately a v a i l a b l e  from t h i s  s o l u t i o n .  
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